In this work, a three-node, two-way relaying network (TWRN) over a multi-carrier system is considered. The aim is to minimize total energy usage of such a multi-carrier TWRN with the constraint of rate requirements on both sides, with both the transmit energy usage as well as the receive energy usage into account. For comparison, two strategies including digital network coding (DNC) and physical-layer network coding (PNC) are considered. The associated total-energy-minimization problems for both strategies are formulated to be nonconvex optimizations.
I. INTRODUCTION
Network coding has proved to be an efficient way to improve network performance in terms of throughput and other metrics of interest. It can be applied in many applications. One of the typical application is in two-way relay networks (TWRNs) [2] - [10] , where the relay node can transmit a combined message to both source nodes for decoding. Since each source node has prior knowledge of its originated message, it can subtract this message and obtain the intended message from the other source. In this way, spectrum efficiency is improved.
For TWRNs, in the literature, several network coding strategies were developed to achieve a larger rate region, such as digital network coding (DNC), physical-layer network coding (PNC), amplify-networkcoding (ANC). Among them, DNC requires the relay node decodes the individual source messages from the uplink. In PNC, instead, the relay node only decodes a function message from the uplink and the rate is expected to be higher than DNC, as shown in [5] - [6] . In ANC [7] , the relay node only amplifies the combined messages received from the uplink and forward them over the downlink. Therefore the Z. Chen and P. Ho are with the Department of Electrical and Computer Engineering, University of Waterloo, Waterloo, Ontario, Canada, N2L3G1. Emails: chenzhi2223@gmail.com; p4ho@uwaterloo.ca. !"#$"%&' Fig. 1 . Illustration of the considered DNC and PNC schemes. The message sent by S1 is a. The message sent by S2 is b, which is assumed to be larger than a. It is consisted of two parts: b1 and b2, where b1 is with the same number of bits as a. Note also that Xi(·) denotes the codeword of the message (·). With DNC-Sup, the relay decodes the two individual source messages on the uplink, i.e., bothâ andb. With PNC, the relay node decodes the function message a + b1 and the remaining bits b2.
ANC strategy suffers from the incremented noises over the two transmit phases and the fact that the time resource can only be equally allotted to both the uplink and the downlink phase. In [8] , the authors considered the optimal power allocation for TWRNs over OFDM with ANC, however the time resource is assumed to be equally assigned to the uplink and the downlink transmission. In [9] , the authors presented the throughput as well as the queuing analysis over a fading channel.
In this work, we therefore aim to minimize the total energy usage for a multi-carrier TWRN system over static fading channels, where both the DNC and the PNC strategies are considered for comparison, as shown in Fig. 1 . The associated optimization problems are formulated and analyzed, through the allocation of both the time and energy resources. It is shown that PNC performs well in medium to high rate pair requirements and DNC performs well in low rate pair requirements or under deep fading scenario.
This work is organized as follows. In Section II, we describe the system model and the strategies considered in this work. In Section III to IV, we separately discuss the DNC-Sup and PNC strategies.
The associated optimization problems are formulated and solved. In Section V, we present the numerical results and the paper is concluded in Section VI.
II. SYSTEM DESCRIPTION
Consider a three-node, two-way relaying network (TWRN), consisting of two sources S 1 , S 2 and one relay node R, over N orthogonal subcarriers (SCs). Both sources want to exchange messages through the relay node R via the N subchannels, due to the non-existence of direct link between them. The aim is to minimize the total energy usage of the TWRN over the N independent orthogonal sub-channels, subject to rate requirements from either side. The rate requirement from S 1 and S 2 are denoted by λ 1 and λ 2 , respectively. Without loss of generality, we also assume that λ 1 ≤ λ 2 , due to the random labeling of the source nodes. We also define g 1r (n), g 2r (n), g r1 (n) and g r2 (n) as the channel gains for the links S 1 -R, S 2 -R, R-S 1 and R-S 2 , respectively, over the nth carrier. The noise at each node is assumed to be an additive white Gaussian distributed random variable with zero mean and unit variance. In addition, a peak power constraint, i.e., P peak , is imposed on all transmit nodes in this work. Further, the receiverside energy usage is also taken into account in this work and we assume that the receiver at each node consumes a constant P rev power level in message decoding when it is in the "on" period in receiving messages and zero otherwise.
Two network coding strategies will be addressed in this work, namely DNC and PNC. For the DNC strategy, we shall allow for a multi-access uplink and a superposition of network-coded message and the remaining bits of the message with a larger size on the downlink to minimize the total energy usage while guaranteeing the specific rate requirements. For the PNC scheme, a triple mode is considered. They are PNC on the uplink, the one-side transmission mode of the remaining bits of the message with a larger size on the uplink (two modes on the uplink), and superposition of the PNC function message decoded and the remaining bits transmitted over the downlink (one mode on the downlink). Note that for the PNC uplink mode, two sources transmit with the same number of bits as the length of the message with the smaller size due to the use of lattice coding.
III. DNC
In this section, we shall describe the uplink and the downlink transmission phase and investigate the optimization problem to minimize total energy usage for a TWRN over multi-carrier systems. The descriptions of these two modes are listed as follows.
• Uplink Transmission Phase: S 1 and S 2 can simultaneously transmit to R at rates R 11 (n) and R 12 (n) in the multi-access uplink over the nth carrier, respectively. The corresponding required powers at each source node over the nth carrier is denoted as P 11 (n) and P 12 (n).
• Downlink Transmission Phase: R can broadcast to S 1 and S 2 at rate pair (R 21 (n), R 22 (n)) in the down-link over the nth carrier. R 22 (n) is the network coded data and required by both users and R 21 (n) is only for S 1 requiring the remaining bits of the larger message from S 2 , due to the assumption that λ 1 ≤ λ 2 . The corresponding required powers for R 21 (n) and R 22 (n) are denoted as P 21 (n) and P 22 (n), respectively. 1 1 Note that the network-coded message length is determined by the minimum of λ1 and λ2, i.e., λ1 from the assumption that λ1 ≤ λ2.
Further, we denote P 1 (n) and P 2 (n) as the total transmit power on the uplink and the downlink over carrier n, respectively.
From the multi-access achievable rate region in [11] and [14] , if g 1r (n) > g 2r (n), the transmit rate of each user on the nth carrier is given by,
It is noted in [14] that, the total energy usage is minimized by associating the decoding order with the channel gains. Intuitively, it follows from the fact the message from the better user can tolerate more interference whereas the message from the weaker user is not able to. Hence, the message from the weaker user should be decoded last without interference to achieve the highest possible rate.
From (1) and (2), the optimal transmit powers of S 1 and S 2 for a given channel gain pair in carrier n can be readily obtained and hence the total energy usage on the uplink for each carrier then is given by,
It is can be readily observed that the total uplink energy usage for each carrier in (3) is a convex function for the associated uplink rates from both source nodes.
In the downlink, it should be noted that the network coded data is required by both sources, hence is determined by the minimum of the channel gains in the downlink. On the other side, the remaining bits is only required by S 1 and known a priori at S 2 . For the case that g r1 (n) > g r2 (n), we hence have that
Note that P 21 (n) is the minimum energy usage required by decoding the remaining bits of the larger message at S 1 after decoding network-coded message. For P 22 (n) required for network coded message, the first term is the minimum energy usage required by S 2 due to its ability to subtract the interference from the remaining bits of the larger message, and the second term is the minimum energy usage required by S 1 with interference from the remaining bits. The maximum then gives the minimum energy usage for decoding of the network-coded message.
On the other hand, if g r1 (n) < g r2 (n), S 2 can obtain all messages due to its stronger channel and S 1 has to decode both the network coded bits and the remaining bits from S 2 due the assumption that λ 1 ≤ λ 2 .
Hence, the energy usage is only determined by g r1 (n) ( P 22 (n) is determined by the second term in the brackets in (5)), since 2
It is noted that the maximum of a series of convex functions of an independent variable is still a convex function with respect to the variable. Hence, it is observed that P 2 (n) = P 21 (n) + P 22 (n) is a convex function with respect to R 21 (n) and R 22 (n). Interestingly, it is noted that if g r1 (n) < g r2 (n), we have
Further, to better utilize the time resources, a fraction of time resources is assigned to the uplink and the downlink transmission and denoted by f i (i = 1 for the uplink and i = 2 for the downlink).
Hence we are motivated to minimize total energy usage by assigning appropriate energy resources to each sub-carrier and appropriate time fractions to the uplink and the downlink within each sub-carrier. The minimal-energy-usage optimization problem over N orthogonal subcarriers, denoted by P1, is therefore formulated as follows.
subject to the rate requirement constraints,
and the physical constraints
where in (6), f 1 P rev accounts for the receiver energy usage at the relay node on the uplink and 2f 2 P rev is for that consumed by both source nodes on the downlink.
Note that it can be readily observed that P1 is not a convex optimization problem, due to the product of time fractions f i (n) and transmit rate/power per sub-carrier. To circumvent this problem, we introduce some parameters, i.e., T ij (n) = f i R ij (n) and Θ ij (n) = f i P ij (n). Based on the new variables, P1 can be transformed to be P1', as shown below.
and the time-splitting physical constraint in (10) and the peak power constraint in (11).
Since Θ ij (n) is the perspective of the convex function P ij (n), it is readily observed that P1' is a convex optimization problem and hence can be solved efficiently by the Karush-Kuhn-Tucker (KKT) conditions and omitted. We define β 1i as the multiplier associated with (13), the uplink rate requirement on either side. β 21 accounts for the multiplier corresponding to (15), the downlink rate requirement of the remaining bits. β 22 accounts for the multiplier corresponding to (15), the downlink network-coded message rate requirement. In addition, γ accounts for the multiplier with the time splitting constraint and ω i (i = 1, 2, r) is for the peak power constraint at node i. For brevity, the associated Lagrangian function of P1' as well as the Karush-Kuhn-Tucker (KKT) conditions are omitted and only the solution to P1 is presented in the following lemmas.
Lemma 1:
If g 1r (n) > g 2r (n), the power allocation for the multi-access uplink transmission can be categorized as follows.
where ({·}) + returns {·} if it is positive and zero otherwise. Note that the result for the case with g 1r (n) < g 2r (n) is similar and omitted here.
For the downlink, the optimal power allocation over each carrier is summarized in Lemma 2.
Lemma 2:
The power allocation in the downlink can be categorized as follows.
• If β 21 (n) = β 22 (n), the power allocated for the downlink is given by
and the splitting of power allocated for R 21 (n) and R 22 (n) is subject to the rate requirements in (9) and (8).
• Otherwise (β 21 (n) = β 22 (n)), the power allocation for the downlink transmission can be categorized as follows.
where P * 2 (n) = max (P peak , P * 21 (n) + P *
(n)).
Interestingly, it is noted that with β 21 = β 22 , we have P 2 (n) = (2 R 21 (n)+R 22 (n) − 1)/g r1 for all carriers, which is only valid if g r1 (n) < g r2 (n) over all carriers.
Remark 1:
It is observed that the optimal power allocations at all nodes are in the water-filling structure with a ceiling level with regard to the peak power constraints at all nodes.
Further, we present the optimal KKT conditions associated with the optimal time splitting. If g r1 (n) < g r2 (n) and g 1r (n) < g 2r (n), we have,
where f i and T ij (n) are optimization variables in P1'. The equations for other channel gain cases can be similarly derived and are omitted here. In addition, note that (22) and (23) are transcendental equations and f * i (i = 1, 2) can only be solved numerically.
IV. LATTICE CODES BASED PNC
In this section, a PNC scheme is presented and analyzed. The PNC scheme is a specific one discussed in [10] for symmetric traffic, symmetric channel TWRNs, where the lattice coding is employed to achieve the rate. In the first PNC uplink mode, each source node simultaneously transmits an equal amount of bits on each carrier to R and R simply decodes a function message of them, i.e., decode a + b 1 if S 1 transmits a and S 2 transmits b 1 on a carrier, where P PNC 11 (n)g 1r (n) = P PNC 12 (n)g 2r (n) is required to make the SNR of each message at the relay node from each receiver equal. By doing so, no additional interference is imposed on decoding the function message. Note also that in P PNC 1i
(n) (i = 1, 2) the first subscript 1 denotes mode index and the second subscript i denotes the labeling of the source nodes. Hence, from [10] , the achievable transmit rate with PNC at carrier n is given by,
Correspondingly, the transmit power of S i at carrier n in mode 1 is given by,
The sum power at carrier n in mode 1 hence is P PNC 1
(n). In the second mode, S 2 transmits b 2 , the remaining bits of the larger message to R given the assumption λ 1 < λ 2 . The transmit rate at carrier n of this mode is given by,
Transmission of the third mode of PNC is identical to that of DNC and the details are omitted for brevity.
For clarity, it is noted that R We can formulate a problem employing PNC to minimize the total energy usage of the entire system. It is referred to as P2 and is formulated as follows.
subject to the constraints as follows,
where (f
)P rev accounts for the receive energy usage at the relay node and 2f PNC 3 P rev is the receive energy usage at both source nodes.
Note that P2 is not a convex optimization problem due to the quadratic terms. However, by employing a similar procedure as in P1, P2 can be transformed to be equivalent as a convex optimization problem P2' and is solved efficiently via KKT conditions. The detailed analysis is however omitted due to the limited scope of this work.
Further, note that the optimal power allocation on the downlink of PNC is identical to that of P1 and hence omitted for brevity. We only focus on the optimal power allocation to the first two PNC modes on the uplink, which is listed as follows.
where 2P peak in (34) follows from the fact that it is the sum peak power constraint of the two source nodes. In addition, the optimal KKT conditions for f PNC i can be similarly derived and omitted for brevity.
Remark 2:
It should be noted that in DNC the theoretical capacity upper bound is employed, which can be achieved by advanced codes, such as LDPC or turbo codes. For fair comparison, the theoretical capacity upper bound of PNC transmission of mode 1, i.e., log 2 (1 + SNR) instead of log 2 (1/2 + SNR) in (24) is also considered in this work for comparison in the numerical part. The associated optimization problem is referred to as P3 and the details in problem formulation and its analytical solution are omitted since it is identical to that of P2.
V. NUMERICAL RESULTS
We now present numerical results to verify our findings. To reduce computation burden, we assume that there are totally 4 SCs, and the bandwidth of each SC is assumed to be unity. All subchannels are assumed to be independent Gaussian channels. Noise at each node over each subcarrier is assumed to be Gaussian with zero mean and unit variance. The peak power constraint is 1000 J/sec at each node. In addition, the receive power usage is assumed to be 0.5 J/sec at each node, if not noted. For fair comparison, we also compare the considered schemes (P1 to P3) with the traditional three-slot DNC scheme.
In Fig. 2 , we compare the designed schemes as well as the traditional three-slot DNC for the asymmetric rate pair requirements. It is observed all the designed schemes performs much better than the traditional three-slot DNC scheme, due to its inefficient use of spectrum resources. It is also observed P1 performs better than P3 with λ 1 < 5 bit/sec and worse than P2 with λ 1 > 5.5 bit/sec. It follows from the fact that the interference of the multi-access uplink employed by DNC dominates its performance in the high SNR regime. On the other hand, with small data arrival rates, the performance of PNC is constrained by the minimum gain of the uplink channels, as observed in (24).
In Fig. 3 , we compare different network coding schemes for the symmetric rate pair requirements when λ 1 = λ 2 . it is observed that P1-P3 outperforms the traditional DNC to a large extent. Further, it is observed that PNC performs much better than DNC with the increasing of arrival rates. Hence, it is concluded that, when the arrival rate is high, the interference in the multi-access channel of DNC deteriorates its performance and performs worse than PNC. However, if the arrival rate is at a low level, the fact of the uplink rate is somewhat constrained by the minimum channel gain of the uplink channels dominates its performance, which makes PNC performs worse than DNC.
VI. CONCLUSION
In this work, we considered a three-node TWRN over a multi-carrier system. The aim is to minimize the total energy usage of the entire system, with both the transmit energy usage and the receive energy usage taken into account. Both DNC and PNC strategies were considered in this work for comparison.
The associated energy usage minimization problems were hence formulated. They were found to be nonconvex optimization problems at first glance but was reformulated to be convex optimization problems and their global optimal solutions are obtained by KKT conditions. It was observed in numerical part that, for a multi-carrier system, in terms of total energy usage, PNC outperforms DNC with high rate pair requirements and worse with low data rate pair requirements.
